We generalize the Zermelo navigation on Riemannian manifolds (M, h), admitting a space dependence of a ship's speed 0 < |u(x)| h ≤ 1 in the presence of a perturbationW determined by a strong (critical) velocity vector eld satisfying |W (x)| h = |u(x)| h , with application of Finsler metric of Kropina type.
Introduction
The objective in the navigation problem of Zermelo is to nd the minimum time paths of a ship sailing on a sea M , with the presence of a wind determined by a vector eld W . The problem was formalized and investigated by E. Zermelo (1931) in the Euclidean spaces R 2 and R 3 , cf. [24, 25] , and generalized considerably (2004) in [5] for the case when sea is a Riemannian manifold (M, h), however under the assumption that a wind W is a time-independent weak wind, i.e. h(W, W ) < 1. In the absence of a perturbation the solutions to the problem are simply h-geodesics of M . Note that the original solution given by E. Zermelo admitted a strong wind and time dependence. Thus, in a special case the problem may be treated as purely geometric. It has been found out that the trajectories which minimize travel time are exactly the geodesics of a special Finsler type F , that is Randers metric. Briey, the A Note on Generalization of Zermelo Navigation Problem on Riemannian Manifolds with Strong Perturbation 108 solutions to the problem are the ows of Randers geodesics. The condition on strong convexity, i.e. |W | h < 1 ensures then that F is a positive denite Finsler metric. Furthermore, there is an equivalence between Randers metrics and Zermelo's problems [5, 11] .
In [23] the authors showed that Zermelo's navigation problem has another solution in Finsler geometry in the case when the wind becomes stronger. Also, such a problem in a complex setting, that is, on Hermitian manifolds, was considered in [1] . This means that there is a wind acting of the same impact as a maximal power of ship's engine. Precisely, it was assumed that h(W, W ) = 1 (critical perturbation). Note that the problem was considered in the original formulation when a ship sails with Riemannian unit speed, i.e. h(u, u) = 1 = const. Obviously, since the ship's speed |u| h and the wind force |W | h are equal, unlike the Randers case, the ship cannot proceed anymore against the wind. So, following the direction u = −W implies that the resulting velocity v vanishes. Geometrically, in each tangent space T x M the unit sphere of the new metric F is the W -translate of the Riemannian h-unit sphere. However, dierently from the Randers case, the former passes through the origin of T x M and thus F cannot be a Finlser metric in the classic sense [23] .
Setting as a reference point Zermelo's formulation of the problem we may ask whether a ship must proceed at a constant maximum speed relative to the surrounding Riemannian sea, i.e. |u| h = 1. This assumption we have already dropped considering the problem on Riemannian manifolds, however being in the case of a background weak wind which guarantees a full control of navigating ship (cf. [15] ). Recently we have also investigated the analogous problems on Hermitian manifolds in complex Finsler geometry (cf. [2, 3] ). Reviewing the bibliography in this scope one may nd the paper in the calculus of variations by A. de Mira Fernandes [12] who accomodated shortly after Zermelo's contribution a varying magnitude ship's velocity. Having added the extra degree of freedom the author allowed a time and space dependent velocity and solved the corresponding problem with the Euclidean background, namely in R n . Therefore, he has generalized the results of E. Zermelo [24, 25] and T. Levi-Civita [17] for the Euclidean spaces to the case where the air speed of a plane is a preassigned function of position and time. Also, the subsequent equations for the ight path of least time obtained by K. Arrow [4] , who considered a passage with S 2 -background, implied earlier results achieved by T. Levi-Civita. De Mira Fernandes showed that the change in |u| h with time has no eect on the formula for the shortest time passage (time-optimal ship's heading) while that with space has the same eect as the corresponding change in wind [4] .
The above contribution was also referred in the modern approach (cf. [13] ) in a discussion how, when both W and |u| h are space but not time dependent, it can be recast in a purely geometric form as geodesics of a Randers geometry or as null geodesics in a stationary space-time. Let us note that the Zermelo navigation as a method plays an active and crucial role in modern physics, in particular in quantum mechanics. In this regards, see, for instance, the expositions in [9, 22, 21, 8, 6, 7, 14] . Furthermore, the concept admitting a varying magnitude ship's velocity gives rise to optimize our recent applied study of the search models based on time-minimal paths in real navigational applications (cf. [14, 16] ). In the current investigation on Riemannian manifolds for the case of a strong wind we are also going to drop the standard assumption on a constant unit speed. We aim to present our glance at the problem with dierent starting point and therefore contribute to the previous ndings (cf. [23] ) by introducing a space dependence of a ship's speed, 0 < |u(x)| h ≤ 1.
Glance at previous ndings from a dierent perspective
Let a pair (M, h) be a Riemannian manifold where h = h ij dx i ⊗ dx j is a Riemannian metric and the corresponding norm-squared of tangent vectors y ∈ T x M is denoted by |y| 2 h = h ij y i y j = h(y, y). In contrast to [23] we begin with a Riemannian manifold (M, h) and a vector eldW =W i ∂ ∂x on M which need not be of h-unit length. We admit that both ship's speed
Such stronger perturbation will be called critical. Thus, a ship makes a way unceasingly through the water, but not necessarily over ground. We compute the new Finsler metricF similarly as treated in [23] , with the renement of the initial indicatrix-based equation. To reduce the clutter we also adopt the same notations if not otherwise stipulated. We aim to obtain the metricF as the solution to the rened equation including the new variable. We have
It thus follows from the denition of the inner product
Hence,
By assumption on the equality of the norms we are thus led tõ
From the above concerned assumption it is implied thatW = 0; y = 0. We obtained the metric of the analogous form as F in the standard case when h(W ,W ) = 1. We also require that on M there must exist a vector eldW without zeros. Therefore, having in mind the topological restrictions coming from the Poincaré-Hopf theorem one restricts the structures (M, h) which the theory under consideration can be applied to. In particular, we exlude S 2 since it follows that for any compact regular 2-dimensional manifold with non-zero Euler characteristic any continuous tangent vector eld has at least one zero.
Remark 2.1. Under a strong (critical) perturbation |W | h = 1 formula (4) as a special case leads to the metric F according to [23] in the standard formulation of the Zermelo navigation problem on Riemannian manifolds, i.e. with h(u, u) = 1.
Let us observe that
where F (x, y) = |y| 2 h 2h(y,W (x)) in the standard expression. From (5) it implies the following Corollary 2.1.F is a Finsler metric conformal to F . This recalls the scenario in the generalized Randers case in the absence of a wind. Then, however, the resulting Randers metric is Riemannian and conformal to the corresponding background Riemannian metric h; see Proposition 2.5 in [15] . The adequate and wider investigation on conformal and weakly conformal Finsler geometry can be found, in particular, in [20, 19] . To proceed, we can simply assume that
while in the original setting one would then get b 2 = a ij b i b j = 4 = const.
In order to avoid a constant function here as the obtained metrics could be a subject to such a constraint, a conformal factor e −k(x) has been applied making use of some smooth function k(x) on M . For comparison, to be in line with [23] , if we use an analogous conformal factor e −k(x) , wherek(x) is also some smooth function on M , then we getF (x, y) = h(y,y)
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then we obtain the initial navigation data in terms h andW which solution to the problem is exactly the Kropina metric (9) . To compare, recall k(x) = ln 4 b 2 (x) in the original setting. Note that it is sucient to apply (6) in order to obtain the same form of the Kropina metric given by (9) . Therefore,b 2 = const. with h(u, u) = const. Fullling the denition of Finsler metric which is positive denite, the function (9) is not dened on all T M , but only on a domain {(x, y) ∈ T M :β > 0}. Therefore, we exclude the case when u = −W . Following [23] we have Denition 2.2. Let (M, h) be an n-dimensional Riemannian space,W a vector eld globally dened on M . Letã ij andb i be given by (8) and denote the Kropina metric byF , whereF =α 2 β . ThenF will be calledŨ -Kropina metric.
Recall that since the Kropina metrics dened globally on M are considered, the above mentioned topological restrictions to their existence occur. For more details see Propositions 5.2 and 5.13 in [23] . One sees immediately that in the case of h(W ,W ) = 1 = const.Ũ -Kropina metric becomes U -Kropina metric dened in the standard presentation, that is Kropina metric with unit vector eld. Recalling (6) and (9) it results that the generalization preserves the original Riemannian metric α but changes the 1-form β. Comparing the resulting Finsler metrics we observe thatα = α andβ = β sinceW i = W i for h(u, u) = 1. The dierence is made by perturbing wind what, in other words, is connected to the fact of admitting a ship's speed |u| h to vary in space. Let us summarize after the renement of the previous investigation which became the point of reference and the motivation for our study. We thus obtain the following 
Remark that we exclude here |W | h = 0 unlike the generalized Randers case with a spatial function |u(x)| h in the presence of a weak perturbation,
where the solutions to the problem are then determined by the Riemannian metric conformal to h. From (5) it yields that the resulting Kropina geodesics of F andF with |u| h = const. trace the same curves, however the corresponding speeds dier and therefore the times of travel between given points change. This refers to the particular situation in the generalized Randers case, i.e. with W R = 0 and h(u, u) = const. Then, however, Randers metric is reduced to the corrresponding background Riemannian metric h up to scaling; for more details see the study in [15] . Such case also corresponds to a pair of conformal homothetic Finsler metrics, that is a special case of weakly conformally equivalent Finsler metrics considered in [20] . Going further, a glance at the new metric (4) and (5) Remark that the presence of |u(x)| h in the above expression of navigation data may actually be inessential. If perturbing vector eld is a priori xed then it can be removed, since givenW determines |u| h by |W | h . Nevertheless, we let it to emphasise its new role in the considered approach to the problem inasmuch as we admit |u(x)| h to be set initially, without being determined bỹ W . Next, let us observe that unlike the Randers case, where the entire space A Note on Generalization of Zermelo Navigation Problem on Riemannian Manifolds with Strong Perturbation 113 (M, h) can be covered with the time-minimal paths, not all the positions x ∈ M are now available for navigating ship any more since a wind is of stronger force. Therefore, one needs to consider the existence of solutions to posed Zermelo problems. Also, from the above it yields the following, somewhat contrariwise formulated, corollary. 
Hence, recalling (4) it yields the equality of the above Kropina metrics, namelŷ F =F . We are thus led to Lemma 2.5. The time-minimal paths of the conformal background Riemannian metricsĥ and h, whereĥ = |u(x)| −2 h h, perturbed by a strong (critical) varying in space windW (x) which satises |W | h = |u| h , are represented by the same Kropina geodesics.
The analogous fact we also showed, in particular, in the complex setting providing deeper analysis for the complex Randers and Kropina cases on Hermitian manifolds (cf. [2, 3] ). In the sequel, we present the ow of Kropina geodesics in the generalized approach to the Zermelo navigation problem, with 114 the presence of a strong wind including the inuence of a spatial function |u(x)| h . For clarity we also compare it to the corresponding solution obtained from the original expression of the problem on the same Riemannian sea (M, h).
Example
With the topological restrictions in mind which refer to the existence of globally dened Kropina metrics on M , admitting however S 2m−1 or E n , in what follows we present the example with the Euclidean background, namely E 2 . Considering dimension two we denote the position coordinates (x 1 , x 2 ) by (x, y) and expand arbitrary tangent vectors
We also express a ship's speed |u| h as |U | and the resulting speed |v| h as |V |. Thus, from (4) we obtaiñ
.
After having set M := R 2 we get 
|W (x, y)| h = (W 1 (x, y)) 2 + (W 2 (x, y)) 2 = cos 2 (x + y) + sin 2 (x + y) = 1 ∀ (x, y) ∈ R 2 . Consequently, for the applied perturbation (14) the form of the resulting metric in the original expression yields Let us note that |W (x, y)| = |U (x, y)| −1 |W (x, y)|. The contour plot and the stream density plot, taking the scalar eld to be the norm of the perturbatioñ W , are presented in Figure 1 . Figure 1 : The contour plot (on the left) and the stream density plot (on the right) of the perturbationW given by (16) .
By assumption, |W (x, y)| h = 2 3 exp − 1 π y 2 sin 2 (x + y) + 1 3 . For example, with ϕ 0 = 0 a ship commences the voyage starting from the origin with a wind, i.e. U =W and (ẋ,ẏ) = (2, 0) at the maximum resulting speed which equals |V | := |U | + |W | = 2 since then V := 2U , where ϕ = ϕ(t) is the angle measured counterclockwise which the vector of the relative velocity U forms with x-axis. Recall that the function (9) is not dened on all T M , but only on a domain {(x, y; u, v) ∈ T M :β > 0}. Thus, we have ϕ 0 ∈ [0, 2π) \ {π}. Clearly, with ϕ 0 = π , whereW (0, 0) = (1, 0), one gets (ẋ,ẏ) = (0, 0). This means that though a ship proceeds ceaselessly through the water (|U | > 0), it is stopped over ground, i.e. the resulting speed |V | = 0. Such a scenario does not occur in the case of Randers metric including the generalized version of the problem in the presence of a weak wind where |W R | h < |u| h , cf. [15] . For A Note on Generalization of Zermelo Navigation Problem on Riemannian Manifolds with Strong Perturbation 116 the perturbation (16) we obtain the form of the resulting metric as follows
(17) After having computed the spray coecients according to [11] , we obtain Fgeodesic equations for the Kropina metric (15) in the standard setting. We write δ = x + y for short and the result is
2 ẋ 4 +ẏ 4 sin 2δ = 0 (18) In the presented generalization the inuence of a spatial function |U | or, equivalently, |W | is noticable in the system ofF -geodesic equations which correspond to the Kropina metric (17) . Abbreviating ω = exp 1 π y 2 sin 2 δ + 2, this gives
+8y 2ẋ2 2ẋẏ +ẋ 2 −ẏ 2 sin δ cos 3 δ + 2πẏ 2 2ẋẏ −ẋ 2 +ẏ 2 ω cos 2 δ + 1 2 sin 2δ 4y 2(2y + 3)ẋ 2ẏ2 + 4yẋẏ 3 + (y − 1)ẋ 4 − (y + 1)ẏ 4 sin 2 δ +π ẋ 4 +ẏ 4 (ω − 2) = 0 y − 1 2π(ẋ 2 +ẏ 2 )ω −8yẏ 2 ẏ 2 −ẋ 2 sin 4 δ + 2πẋ 2 2ẋẏ +ẋ 2 −ẏ 2 ω sin 2 δ + sin 2δ π −2ẋ 3ẏ − 3ẋ 2ẏ2 + 2ẋẏ 3 ω +ẋ 4 +ẏ 4 +y 4yẋ 3ẏ − 2(3y + 2)ẋ 2ẏ2 − 4yẋẏ 3 + (y + 1)ẋ 4 + (y − 1)ẏ 4 sin 2δ +4y 2 −4ẋ 3ẏ − 4ẋ 2ẏ2 +ẋ 4 −ẏ 4 sin δ cos 3 δ +π 4ẋ 2ẏ2 + 4ẋẏ 3 +ẋ 4 −ẏ 4 ω cos 2 δ + 1 2 sin 2δ π ẋ 4 +ẏ 4 (ω − 2) −8yẏ −yẋ 2ẏ + 2(y + 1)ẋẏ 2 − 2ẋ 3 + yẏ 3 sin 2 δ = 0.
(19) The form of the initial conditions including the optimal control ϕ(t) under perturbing vector eld reads x(0) = x 0 ∈ R, y(0) = y 0 ∈ R, and for the rst derivative (a tangent vector) The last relations can be derived by direct consideration of the planar equations of motion including the representation of the vector components of ship's velocity and the new background wind. When the families of the time-minimal paths coming from the same xed point x ∈ M are considered, ϕ 0 plays the role of the parameter which rotates the tangent vector of unperturbed Riemannian geodesic. To provide some numerical computations and to generate the graphs we use Mathematica 10.4 from Wolfram Research. The time-ecient paths in both scenarios, that is the Kropina F -(black) andF -geodesics (red) starting from the origin, with the corresponding strong background winds are presented in Figure 2 . We set the increments ∆ϕ 0 = π 8 and t = 10. The obtained solutions are also confronted accordingly in Figure 3 . The graphical Figure 2 : The Kropina F -geodesics (black) with the unit background strong (critical) wind W (grey) andF -geodesics (red) with the new non-unit background strong (critical) windW (blue), with the increments ∆ϕ 0 = π 8 ; t = 10.
interpretation of Corollary 2.3 with reference to the example is presented in Figure 4 , where three pairs of F -(black) andF -isochrones (red) are compared. It implies that for the corresponding times t the former includes the latter what is the consequence of the inuence of applied space-dependent ship's speed. The isochrone ofF is similar to the isochrone of F with similarity ratio |u(x)| h := |U (x, y)|. Figure 3 : The KropinaF -geodesics (red) starting from the origin compared to the Kropina F -geodesics (black) with the increments ∆ϕ 0 = π 18 , t = 3 (on the left) and the increments ∆ϕ 0 = π 8 , t = 10 (on the right) in the background strong (critical) windsW (blue) and W (grey).
Lastly, let us also add that dating back to the formal genesis of the navigation problem in the Hamiltonian formalism, one could investigate the example under consideration with the use of the original navigation formula of E. Zermelo [25, 24, 10] combined with the results of A. De Mira Fernandes [12] since we chose here the Euclidean background. In particular case, i.e., R 2 the problem was contemplated in [18] . Additionally, the equations of the limit curves which determine the planar area of the available points of arrivals as outlined on the right-hand side graph in Figure 4 one also might obtain. In this regards, for comparison to the initial research on the navigation problem in the classic calculus of variations and more details see 282 -287 in [10] .
Discussion and concluding remarks
In our study we assumed that the norm |u(x)| h of a ship's velocity u, relative to the surrounding Riemannian sea (M, h) and being a spatial function of x is not necessarily constant, in particular unit, so unlike the standard concept and can be a priori xed. In this sense we considered the generalization of the Zermelo navigation with the presence of a strong (critical) wind in a purely geometric form. Therefore, we aimed to be in line with the approach Figure 4 : On the left the isochrones of the KropinaF -(red) and F -geodesics (black) starting from the origin, with t = 1 (dot-dashed), t = 2 (solid), t = 3 (dashed). On the right the KropinaF -geodesics starting from the origin, with the increments ∆ϕ 0 = π 720 , t = 500, outlining the area of available points of arrivals in E 2 .
to the problem presented in other contributions cited in the introduction and also referred to our previous study for the case of Randers metric, that is, the generalization of the navigation problem under a weak wind |W R | h < |u| h . In a starting point we consider varying in magnitude speed |u(x)| h as predetermined control which complements standard navigation data (h,W ). Having combined and compared our investigation to the referred results presented in [23] on Kropina metrics as well as making use of the original formulation of the Zermelo navigation with h(u, u) = 1, we can state that the dierence in both approaches corresponds to the points of view at the problem and the solutions are connected in a simple manner. In what follows, we discuss some details and collect the ndings.
In fact, the introduced new data is strongly limited by the main assumption on the norms' equality, i.e., |u| h = |W | h which determines the case. One may imagine that in the scenario under consideration there are the "speed zones" referring to the ship's speed through the water or, in other words, the "speed limits" which cover the whole Riemannian sea (M, h). Therefore, captain's duty is to take them into account when preparing the passage plan for a timeecient voyage by continuous adjusting a ship's engine on the entire route. From another point of view a ship's engine telegraph-based plan is executed and the wind force is to be adapted to the xed ship's passage plan such that it is time-ecient. Though the latter scenario is far away from the real marine or air navigation, there are applied optimal control problems when just acting perturbation is fully controllable. Proposition 2.2 establishes the direct relation between the Kropina geodesics and the time-minimal paths as the solutions to the navigation problem introducing the space-dependent function |u(x)| h . We see that under the action of a windW the time-ecient travel path, so the solution to the generalized Zermelo problem, is no longer a background Riemannian h-geodesic, but a geodesic of theŨ -Kropina metricF . For comparison, let us reect for a moment on the generalized Randers case (cf. [13, 15] ), where one might ask if decreasing a ship's speed |u| h under xed weak wind eld W R causes the same eect on the time-minimal path as increasing the wind force with h(u, u) = 1 and holding the same relation |u| h |W R | h . Since 0 ≤ |W R | h < |u| h < 1, the decrease of a ship's relative speed introduces a relatively larger eective wind W i R > W i R . From this point of view the formula for Randers metric in the presented generalization is then given as in the original setting [5] , however with W i R replaced by a rescaled windW i R = 1 |u(x)| h W i R . Now, in the presence of stronger perturbation we followed our approach presented in the Randers case what increases the variety of the scenarios and the solutions inuenced by the new spatial function |u(x)| h .
Remark that according to Corollary 2.3 the corresponding travel times are greater in comparison to the standard expression of the problem. Actually, having admitted a priori the space-dependence of |u(x)| h our presentation makes a dierence in the genesis in comparison to [23] . Note that changing |u(x)| h in the generalized Randers case does not entail the modication of navigation data (h, W R ). Under a critical perturbation one who sets |u(x)| h initially may state that it aects the scalar correspondance as the strict condition |u(x)| h = |W (x)| h is in force. Let us also remark that unlike the Randers case, where the entire space can be covered with the time-minimal paths, now not all the destinations are available any more due to the fact that the wind became stronger. In further research one could obtain the general equations or the conditions to be fullled for the limit curves which determine the subspace of M including the ows of Kropina geodesics for given generalized navigation data (h, |u| h ,W ). Therefore, the maps on M including the areas of existing connections traveled in the presence of a strong (critical) wind could complement the ndings.
The solutions to the Zermelo problem are represented in the original and the generalized formulation by the same paths up to scaling if |u| h = const., that is F -andF -geodesics trace the same curves. Such a case corresponds to a pair of conformal homothetic Finsler metrics, that is a special case of weakly conformally equivalent Finsler metrics considered in [20] . The travel times dier then due to the inuence of variable |u(x)| h or, equivalently, |W (x)| h . By Corollary 2.3 together with Corollary 2.1, the consequence is the fact that applying any |u| h = 1 the passage time increases in comparison to the original expression which determines the conformal solution of absolutely minimal time. Furthemore, the bijection is established between Kropina spaces represented by pairs (α,β) and (h, W ) or triples (h, |u| h ,W ), whereW i = |u| h W i . Therefore, the generalization with a spatial function |u(x)| h in the presence of a strong wind refers to the standard problem with normalized wind, i.e. W =W |W | h . This conclusion is in line with the theory on globally dened U -Kropina metrics (cf. [23] ), where it follows that any Riemannian manifold (M, h) that admits a globally dened nowhere vanishing vector eld W can be endowed with a globally dened U -Kropina metric. In order to see this, it is remarked that for a Riemannian metric h and a vector eld W on M without zeros, it is enough to normalizeW . Then one can construct a U -Kropina metric using h and W . In fact, the correlated studies coming from the slightly dierent starting points of view at the navigation problem meet. This is caused directly by the main assumption on the norms' equality which determines a very special case of the Zermelo navigation problem treated in the paper.
